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THE NUMBER OF REPRESENTATIONS BY A TERNARY SUM
OF TRIANGULAR NUMBERS
MINGYU KIM AND BYEONG-KWEON OH
Abstract. For positive integers a, b, c, and an integer n, the number of integer
solutions px, y, zq P Z3 of a
xpx´1q
2
` b
ypy´1q
2
` c
zpz´1q
2
“ n is denoted by
tpa, b, c;nq. In this article, we prove some relations between tpa, b, c;nq and
the numbers of representations of integers by some ternary quadratic forms.
In particular, we prove various conjectures given by Z. H. Sun in [6].
1. Introduction
For a positive integer x, a non negative integer of the form Tx “
xpx´1q
2
is called a
triangular number. For example, 0, 1, 3, 6, 10, 15, . . . are triangular numbers. Since
Tx “ T1´x, Tx is a triangular number for any integer x. For positive integers
a1, a2, . . . ak, a polynomial of the form
Tpa1,...,akqpx1, . . . , xkq “ a1Tx1 ` a2Tx2 ` ¨ ¨ ¨ ` akTxk
is called a k-ary sum of triangular numbers. For a non negative integer n, we define
T pa1, . . . , ak;nq “
 
px1, . . . , xkq P Z
k : Tpa1,...,akqpx1, . . . , xkq “ n
(
and tpa1, . . . , ak;nq “ |T pa1, . . . , ak;nq|. One may easily show that
tpa1, . . . , ak;nq “ |tpx1, . . . , xkq P pZoq
k : a1x
2
1 ` ¨ ¨ ¨ ` akx
2
k “ 8n` a1 ` ¨ ¨ ¨ ` aku|,
where Zo is the set of all odd integers. Hence tpa1, . . . , ak;nq is closely related with
the number of representations by some diagonal quadratic form of rank k. For
example, if k “ 3 and a1 “ a2 “ a3 “ 1, then every integer solution px, y, zq of
x2 ` y2 ` z2 “ 8n` 3 is in pZoq
3. Therefore, for any positive integer n, we have
tp1, 1, 1;nq “ |tpx, y, zq P Z3 : x2 ` y2 ` z2 “ 8n` 3u| “ 24Hp´p8n` 3qq,
where Hp´Dq is the Hurwitz class number with discriminant ´D. For various
results in this direction, see [1], [2], [5] and [8].
Recently, Sun proved in [6] various relations between tpa1, . . . , ak;nq and the
numbers of representations of integers by some diagonal quadratic forms. He also
conjectured various relations between tpa, b, c;nq and the numbers of representations
by some ternary diagonal quadratic forms.
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In this article, we consider the number tpa, b, c;nq of representations by a ternary
sum of triangular numbers. We show that for any positive integers a, b, c such that
pa, b, cq “ 1, tpa, b, c;nq is equal to the number of representations of a subform of
the ternary diagonal quadratic form ax2 ` by2 ` cz2, if a` b` c is not divisible by
8, or a difference of the numbers of representations of two ternary quadratic forms
otherwise.
In Section 3, we prove all conjectures in [6] on ternary sums of triangular num-
bers, which are Conjectures 6.1„6.4 and 6.7. In fact, we generalize Conjectures
6.1 and 6.2 in [6], and prove these generalized conjectures. Note that Conjectures
6.5 and 6.6 in [6] are about quaternary sums of triangular numbers, which will be
treated later.
An integral quadratic form fpx1, x2, . . . , xkq of rank k is a degree 2 homogeneous
polynomial
fpx1, x2, . . . , xkq “
ÿ
1ďi,jďk
aijxixj paij “ aji P Zq.
We always assume that f is positive definite, that is, the corresponding symmetric
matrix paijq P MkˆkpZq is positive definite. If aij “ 0 for any i ‰ j, then we
simply write f “ xa11, . . . , akky. For an integer n, if the Diophantine equation
fpx1, x2, . . . , xkq “ n has an integer solution, then we say n is represented by f . We
define
Rpf, nq “ tpx1, . . . , xkq P Z
k : fpx1, . . . , xkq “ nu,
and rpf, nq “ |Rpf, nq|. Since we are assuming that f is positive definite, the above
set is always finite. The genus of f , denoted by genpfq, is the set of all quadratic
forms that are locally isometric to f . The number of isometry classes in genpfq is
called the class number of f .
Any unexplained notations and terminologies on integral quadratic forms can be
found in [3] or [4].
2. Representations of ternary sums of triangular numbers
Let a, b and c be positive integers such that pa, b, cq “ 1. Throughout this
section, we assume, without loss of generality, that a is odd. We show that the
number tpa, b, c;nq is equal to the number of representations of a subform of the
ternary diagonal quadratic form ax2 ` by2 ` cz2, if a ` b ` c is not divisible by 8,
or a difference of the numbers of representations of two ternary quadratic forms
otherwise.
Let fpx, y, zq “ ax2 ` by2 ` cz2 be a ternary diagonal quadratic form. Recall
that
tpa, b, c;nq “ |tpx, y, zq P Z3 : fpx, y, zq “ n, xyz ” 1 pmod 2qu|.
Lemma 2.1. Assume that a` b` c is odd. For any positive integer n, we have
tpa, b, c;nq “ rpfpx, x ´ 2y, x´ 2zq, 8n` a` b` cq.
In particular, if a ” b ” c pmod 4q, then we have
tpa, b, c;nq “ rpfpx, y, zq, 8n` a` b` cq.
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Proof. Let gpx, y, zq “ fpx, x´ 2y, x´ 2zq. Define a map φ : T pa, b, c;nq Ñ Rpg, nq
by φpx, y, zq “ px, x´y
2
, x´z
2
q. Then one may easily show that it is a bijective map.
Now, assume that a ” b ” c pmod 4q. If ax2 ` by2 ` cz2 “ 8n ` a ` b ` c for
some integers x, y and z, then one may easily show that x, y and z are all odd. The
lemma follows directly from this. 
Lemma 2.2. Assume that S “ a` b` c is even, and without loss of generality, we
also assume that both a and b are odd and c is even. Then, for any positive integer
n, we have
tpa, b, c;nq“
$’’’&’’’%
rpfpx, y, zq, 8n` Sq if S ” 2 pmod 4q and c ” 4 pmod 8q,
rpfpx, y, y ´ 2zq, 8n` Sq if S ” 2 pmod 4q and c ı 4 pmod 8q,
2rpfpx, x ´ 4y, zq, 8n` Sq if S ” 4 pmod 8q and c ” 2 pmod 4q,
2rpfpx, x ´ 4y, x´ 2zq, 8n` Sq if S ” 4 pmod 8q and c ” 0 pmod 4q,
and if S ” 0 pmod 8q, then
tpa, b, c;nq “ rpfpx, x ´ 2y, x´ 2zq, 8n` Sq ´ r
ˆ
fpx, y, zq, 2n`
S
4
˙
.
Proof. Since the proof is quite similar to each other, we only provide the proof of
the fourth case, that is, the case when S ” 4 pmod 8q and c ” 0 pmod 4q. Let
gpx, y, zq “ fpx, x´ 4y, x´ 2zq. We define a map
ψ : tpx, y, zq P pZoq
3 : fpx, y, zq “ 8n` S, x ” y pmod 4qu
Ñ tpx, y, zq P Z3 : gpx, y, zq “ 8n` Su by ψpx, y, zq “
ˆ
x,
x´ y
4
,
x´ z
2
˙
.
From the assumption, it is well defined. Conversely, assume that gpx, y, zq “ 8n`S
for some px, y, zq P Z3. Since
fpx, x´4y, x´2zq “ ax2`bpx´4yq2`cpx´2zq2 ” ax2`bx2`cx2 ” Sx2 ” S pmod 8q
and S ” 4 pmod 8q, the integer x is odd. Therefore, the map px, y, zq Ñ px, x ´
4y, x´ 2zq is an inverse map of ψ. The lemma follows from this and the fact that
tpa, b, c;nq “ 2|tpx, y, zq P pZoq
3 : fpx, y, zq “ 8n` S, x ” y pmod 4qu|.
This completes the proof. 
3. Sums of triangular numbers and diagonal quadratic forms
In this section, we generalize some conjectures given by Sun in [6] on the relations
between tpa, b, c;nq and the numbers of representations of integers by some ternary
quadratic forms, and prove these conjectures.
Let fpx1, x2, . . . , xkq be an integral quadratic form of rank k and let n be an
integer. For a vector d “ pd1, . . . , dkq P pZ{2Zq
k, we define
Rdpf, nq “ tpx1, . . . , xkq P Rpf, nq : px1, . . . , xkq ” pd1, . . . , dkq pmod 2qu.
The cardinality of the above set will be denoted by rdpf, nq. Note that
tpa, b, c;nq “ rp1,1,1qpax
2 ` by2 ` cz2, 8n` a` b` cq.
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We also definerRp1,1qpax2 ` by2, Nq “ tpx, yq P Rp1,1qpax2 ` by2, Nq : x ı y pmod 4qu.
Note that if we define the cardinality of rRp1,1qpax2`by2, Nq by rp1,1qpax2`by2, Nq,
then we have
rp1,1qpax
2 ` by2, Nq “ 2 ¨ rp1,1qpax2 ` by2, Nq.
Lemma 3.1. Let m be a positive integer.
(i) If m ” 1 pmod 4q, then we have
2rp1,0qpx
2 ` 3y2,mq “ rp1,1qpx
2 ` 3y2, 4mq.
(ii) If m ” 3 pmod 4q, then we have
2rp0,1qpx
2 ` 3y2,mq “ rp1,1qpx
2 ` 3y2, 4mq.
(iii) If m ” 4 pmod 8q, then we have
2rp0,0qpx
2 ` 3y2,mq “ rp1,1qpx
2 ` 3y2,mq.
Proof. (i) Note that the map
ψ1 : Rp1,0qpx
2`3y2,mq Ñ rRp1,1qpx2`3y2, 4mq defined by ψ1px, yq “ px`3y,´x`yq
is a bijective map.
(ii) If we define a map
ψ2 : Rp0,1qpx
2 ` 3y2,mq Ñ rRp1,1qpx2 ` 3y2, 4mq by ψ2px, yq “ px` 3y,´x` yq,
then one may easily check that it is a bijective map.
(iii) One may easily show that if we define a map
ψ3 : Rp0,0qpx
2 ` 3y2,mq Ñ rRp1,1qpx2 ` 3y2,mq by ψ3px, yq “ ˆx` 3y
2
,
´x` y
2
˙
,
then it is a bijective map. 
Lemma 3.2. Let a, b pa ă bq be positive odd integers such that gcdpa, bq “ 1 and
a` b ” 0 pmod 8q. Then
(3.1) rp1,1qpax
2 ` by2,mq “ rp1,1qpax
2 ` by2, 4mq
for any integer m divisible by 8 if and only if pa, bq P tp3, 5q, p1, 7q, p1, 15qu.
Proof. Assume that Equation (3.1) holds for any integer m divisible by 8. Let
a` b “ 2uk for some integer u ě 3 and an odd integer k. Note that 1 ď a ă 2u´1k.
First, we assume u ě 5. Since
a ¨ 12 ` p2uk ´ aq ¨ 12 “ 4 ¨ 2u´2k and 2u´2k ” 0 pmod 8q,
there exist odd integers x and y satisfying ax2 ` p2uk ´ aqy2 “ 2u´2k, which is a
contradiction.
Next, assume that u “ 4. Since
a ¨ 72 ` p16k ´ aq ¨ 12 “ 4p4k ` 12aq and 4k ` 12a ” 0 pmod 8q,
there exist two odd integers x1, y1 such that ax
2
1 ` p16k ´ aqy
2
1 “ 4k ` 12a. Thus,
4k` 12a ě 16k and hence k ď a. Now, since a ¨ 12 ` p16k´ aq ¨ 12 “ 16k, there are
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two positive odd integers x2, y2 with ax
2
2 ` p16k ´ aqy
2
2 “ 64k. Since 16k ´ a ą 8k
by assumption, we have y22 “ 1. Furthermore, since ax
2
2 “ a` 48k ď 49a, px2, aq “
p3, 6kq, p5, 2kq or p7, kq. Since a is odd, we have pa, bq “ p1, 15q in this case.
Finally, we assume that u “ 3. Since a ¨12`p8k´aq ¨12 “ 8k, there are positive
odd integers x3, y3 such that ax
2
3 ` p8k ´ aqy
2
3 “ 32k. Hence we have
(3.2) y23 “ 1 and ax
2
3 “ a` 24k.
Note that if x3 “ 3, then pa, bq “ p3, 5q and if x3 “ 5, then pa, bq “ p1, 7q. Assume
that x3 ě 7, that is, 2a ď k. Since a ¨ 3
2 ` p8k ´ aq ¨ 12 “ 8k ` 8a, there are
two odd integers x4, y4 such that ax
2
4 ` p8k ´ aqy
2
4 “ 32k ` 32a. If y
2
4 ě 9, then
a` 72k´ 9a ď 32k` 32a, which is a contradiction to the assumption that 2a ď k.
Hence we have
(3.3) y24 “ 1 and ax
2
4 “ 33a` 24k.
Now, by Equations (3.2) and (3.3), we have x24 ´ x
2
3 “ 32. Therefore, x
2
3 “ 49,
x24 “ 81, and k “ 2a. which is a contradiction to the assumption that k is odd.
To prove the converse, we define three maps
χ1 : rRp1,1qp3x2`5y2,mq Ñ rRp1,1qp3x2`5y2, 4mq by χ1px, yq “ ˆx´ 5y2 , 3x` y2
˙
,
χ2 : rRp1,1qpx2`7y2,mq Ñ rRp1,1qpx2`7y2, 4mq by χ2px, yq “ ˆ3x´ 7y
2
,
x` 3y
2
˙
,
and
χ3 : rRp1,1qpx2`15y2,mq Ñ rRp1,1qpx2`15y2, 4mq by χ3px, yq “ ˆx` 15y
2
,
´x` y
2
˙
.
One may easily show that the above three maps are all bijective. 
Theorem 3.3. Let a, b, c be positive integers such that pa, b, cq ‰ p1, 1, 1q and
gcdpa, b, cq “ 1. Assume that two of three fractions b
a
, c
b
, c
a
are contained in
 
1, 5
3
, 7, 15
(
.
Then, for any positive integer n, we have
2tpa, b, c;nq “ rpax2`by2`cz2, 4p8n`a`b`cqq´rpax2`by2`cz2, 8n`a`b`cq.
Proof. Note that all of a, b and c are odd. Furthermore, from the assumption, one
may easily show that
´a ” b ” c pmod 8q, a ” ´b ” c pmod 8q or a ” b ” ´c pmod 8q.
By switching the roles of a, b and c if necessary, we may assume a ” b ” ´c pmod 8q.
Then we haveˆ
a
pa, cq
,
c
pa, cq
˙
,
ˆ
b
pb, cq
,
c
pb, cq
˙
P tp3, 5q, p5, 3q, p1, 7q, p7, 1q, p1, 15q, p15, 1qu.
Let
f “ fpx, y, zq “ ax2 ` by2 ` cz2 and N “ 8n` a` b` c.
One may easily show that if fpx, y, zq “ 4N , then`
ax2, by2, cz2
˘
” p0, 0, 4q, p0, 4, 0q, pa, 4, cq, p4, 0, 0q, p4, b, cq, or p4, 4, 4q pmod 8q.
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Let
A “ tpx, y, zq P Rpf, 4Nq : y ” 2 pmod 4q, xz ” 1 pmod 2qu ,
B “ tpx, y, zq P Rpf, 4Nq : x ” 2 pmod 4q, yz ” 1 pmod 2qu .
Note that
rpf, 4Nq ´ rpf,Nq “ |A| ` |B|.
Thus it is sufficient to show tpa, b, c;nq “ |A| and tpa, b, c;nq “ |B|. To show the
first equality, we apply Lemma 3.2 to show that
rp1,1,1qpf,Nq “
ÿ
yPZ
rp1,1qpax
2`cz2, N´by2q “
ÿ
yPZ
rp1,1qpax
2`cz2, 4pN´by2qq “ |A|.
The proof of tpa, b, c;nq “ |B| is quite similar to this. This completes the proof. 
Remark 3.4. All triples pa, b, cq satisfying the assumption of Theorem 3.3 are listed
in Table 1 below. The triples marked with asterisk are exactly those that are listed
in Conjecture 6.1 of [6].
p1, 1, 7q˚, p1, 1, 15q˚, p3, 3, 5q, p1, 7, 7q˚, p3, 5, 5q, p1, 7, 15q˚, p1, 9, 15q˚
p1, 15, 15q˚, p3, 5, 21q, p1, 7, 49q, p1, 15, 25q˚, p3, 5, 35q, p3, 5, 45q, p1, 7, 105q
p3, 5, 75q, p1, 15, 105q, p3, 21, 35q, p1, 15, 225q, p9, 15, 25q, p5, 21, 35q, p7, 15, 105q
Table 1.
Theorem 3.5. Let a, b be relatively prime positive odd integers such that one of
four fractions b
a
, a
b
, 3a
b
, b
3a
is contained in t 5
3
, 7, 15u. Then, for any positive integer
n, we have
2tpa, 3a, b;nq “ 3rpxa, 3a, by, 8n` 4a` bq ´ rpxa, 3a, by, 4p8n` 4a` bqq.
Proof. Since all the other cases can be treated in a similar manner, we only consider
the case when b
3a
“ 5
3
, that is, pa, 3a, bq “ p1, 3, 5q. One may easily show that if
x2 ` 3y2 ` 5z2 “ 4p8n` 9q, then`
x2, 3y2, 5z2
˘
” p0, 0, 4q, p1, 3, 0q, p4, 0, 0q, p4, 3, 5q, or p4, 4, 4q pmod 8q.
Let
f “ fpx, y, zq “ x2 ` 3y2 ` 5z2 and N “ 8n` 9.
From the above observation, we have
3rpf,Nq ´ rpf, 4Nq “ 3rp0,0,0qpf, 4Nq ´ rpf, 4Nq
“ 2rp0,0,0qpf, 4Nq ´ rp1,1,0qpf, 4Nq ´ rp0,1,1qpf, 4Nq.
Therefore, it suffices to show that
2rp1,1,1qpf,Nq “ 2rp0,0,0qpf, 4Nq ´ rp1,1,0qpf, 4Nq ´ rp0,1,1qpf, 4Nq.
Since rp0,0,0qpf, 4Nq “ rpf,Nq and
rpf,Nq “ rp1,1,1qpf,Nq ` rp1,0,0qpf,Nq ` rp0,0,1qpf,Nq,
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it is enough to show that
rp1,0,0qpf,Nq “
1
2
rp1,1,0qpf, 4Nq and rp0,0,1qpf,Nq “
1
2
rp0,1,1qpf, 4Nq.
To prove the first assertion, we apply (i) of Lemma 3.1 to show that
rp1,0,0qpf,Nq “
ÿ
zPZ
rp1,0qpx
2 ` 3y2, N ´ 5z2q
“
1
2
ÿ
zPZ
rp1,1qpx
2 ` 3y2, 4pN ´ 5z2qq “
1
2
rp1,1,0qpf, 4Nq.
For the second assertion, we apply (iii) of Lemma 3.1 and Lemma 3.2 to show that
rp0,0,1qpf,Nq “
ÿ
zPZ
rp0,0qpx
2 ` 3y2, N ´ 5z2q
“
1
2
ÿ
zPZ
rp1,1qpx
2 ` 3y2, N ´ 5z2q “
1
2
rp1,1,1qpx
2 ` 3y2 ` 5z2, Nq
“
1
2
ÿ
xPZ
rp1,1qp3y
2 ` 5z2, N ´ x2q “
1
2
ÿ
xPZ
rp1,1qp3y
2 ` 5z2, 4pN ´ x2qq
“
1
2
rp0,1,1qpf, 4Nq.
This completes the proof. 
Remark 3.6. All triples pa, 3a, bq satisfying the assumption of the Theorem 3.5 are
listed in Table 2 below. Those triples marked with asterisk are exactly those that
are listed in Conjecture 6.2 of [6].
p1, 3, 5q˚, p1, 3, 7q˚, p1, 3, 15q˚, p1, 3, 21q˚, p1, 5, 15q˚, p1, 3, 45q
p3, 5, 9q˚, p1, 7, 21q˚, p3, 5, 15q˚, p3, 7, 21q˚, p1, 15, 45q, p5, 9, 15q
Table 2.
Theorem 3.7. Let pa, b, cq P tp1, 2, 15q, p1, 15, 18q, p1, 15, 30qu. For any positive
even integer n, we have
(3.4) 2tpa, b, c;nq “ rpxa, b, cy, 4p8n` a` b` cqq ´ rpxa, b, cy, 8n` a` b` cq.
Proof. First, assume that pa, b, cq “ p1, 2, 15q. Let
f “ fpx, y, zq “ x2 ` 2y2 ` 15z2 and N “ 8n` 18.
One may easily show that if fpx, y, zq “ 4N , then`
x2, 2y2, 15z2
˘
” p0, 0, 0q, p1, 0, 7q, or p4, 0, 4q pmod 8q.
Hence the right-hand side of Equation (3.4) is
rpf, 4Nq ´ rpf,Nq “ rp1,0,1qpf, 4Nq.
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Note that
rp1,1,1qpf,Nq “
ÿ
yPZ
rp1,1qpx
2 ` 15z2, pN ´ 2y2qq
“
ÿ
yPZ
rp1,1qpx
2 ` 15z2, 4pN ´ 2y2qq “ rp1,1,1qpx
2 ` 8y2 ` 15z2, 4Nq
“ |tpx, y, zq P Rpf, 4Nq : xz ” 1pmod 2q, y ” 2pmod 4qu|
by Lemma 3.2. Since
|tpx, y, zq P Rpf, 4Nq : xz ” 1pmod 2q, y ” 0pmod 4qu| “ rpx2 ` 32y2 ` 15z2, 4Nq,
it suffices to show that
(3.5) rp1,1,1qpf,Nq “ rpx
2 ` 32y2 ` 15z2, 4Nq.
It is well known that
genpf1 “ 4x
2 ` 4y2 ` 8z2 ` 2xyq “ tf1, f2, f3u,
where f2 “ 4x
2 ` 6y2` 6z2` 4yz ` 2xz ` 2xy, f3 “ 2x
2 ` 6y2` 12z2` 6yz ` 2xz,
and
genpg1 “ 4x
2 ` 8y2 ` 18z2 ` 8yz ` 4xzq “ tg1, g2 “ 2x
2 ` 10y2 ` 24z2u.
Note that
rp1,1,1qpf,Nq “ rpx
2 ` 2px´ 2yq2 ` 15px´ 2zq2, Nq “ rpg1, Nq.
On the other hand, the right-hand side of Equation (3.5) is
r
`
x2 ` 15y2 ` 32z2, 4N
˘
“ r
`
p3x` yq2 ` 15px` yq2 ` 32z2, 4N
˘
“ r
`
12x2 ` 8y2 ` 16z2 ` 18xy, 2N
˘
“ r
`
48x2 ` 8y2 ` 16z2 ` 36xy, 2N
˘
` r
`
12x2 ` 32y2 ` 16z2 ` 36xy, 2N
˘
“ 2r pf1, Nq .
Therefore, it suffices to show that for any positive even integer n “ 2m,
(3.6) 2rpf1, 16m` 18q “ rpg1, 16m` 18q.
By the Minkowski-Siegel formula, we have
rpf1, 16m`18q`2rpf2, 16m`18q`rpf3, 16m`18q “ rpg1, 16m`18q`rpg2, 16m`18q.
If f1px, y, zq “ 16m` 18, then one may easily check that x` 3y´ 4z ” 0 pmod 8q,
and if f2px, y, zq “ 16m` 18, then x´ 6y ` 2z ” 0 pmod 8q. If we define a map
φ1 : tpx, y, zq P Rpf1, 16m` 18q : x` 3y ´ 4z ” 0 (mod 16)u
Ñ tpx, y, zq P Rpf2, 16m` 18q : x´ 6y ` 2z ” 0 (mod 16)u
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by φ1px, y, zq “
ˆ
12x` 4y ` 16z
16
,
´11x´ y ` 12z
16
,
x´ 13y ´ 4z
16
˙
, then it is a bi-
jective map. Furthermore, the map
φ2 : tpx, y, zq P Rpf1, 16m` 18q : x` 3y ´ 4z ” 8 (mod 16)u
Ñ tpx, y, zq P Rpf2, 16m` 18q : x´ 6y ` 2z ” 8 (mod 16)u
defined by φ2px, y, zq “
ˆ
4x` 12y ´ 16z
16
,
´13x` y ` 4z
16
,
´x´ 11y ´ 12z
16
˙
is also
bijective. Therefore, we have
(3.7) rpf1, 16m` 18q “ rpf2, 16m` 18q.
Note that the above equation does not hold, in general, if n is odd. If we define
two maps
φ3 : Rpx8, 10, 24y, 16m` 18qÑ Rpf1, 16m` 18q by φ3px, y, zq “ py` 2z, y´ 2z, xq
and
φ4 : Rpx2, 24, 40y, 16m`18qÑ Rpf3, 16m`18q by φ4px, y, zq “ px`z, 2y`z,´2zq,
then one may easily check that both of them are bijective. Hence we have
rpg2, 16m` 18q“ r px8, 10, 24y, 16m` 18q ` r px2, 24, 40y, 16m` 18q
“ rpf1, 16m` 18q ` rpf3, 16m` 18q,
for any non negative integerm. Therefore, from the Minkowski-Siegel formula given
above, we have 2rpf2, 16m` 18q “ rpg1, 16m` 18q for any non negative integer m.
Equation (3.6) follows directly from this and Equation (3.7).
For the other two cases, one may easily show Equation (3.4) by replacing N, fi, gi
and φi with the following data:
(1) pa, b, cq “ p1, 15, 18q. In this case, we let N “ 8n` 34 and
f1 “ 4x
2 ` 4y2 ` 72z2 ` 2xy,
f2 “ 4x
2 ` 16y2 ` 22z2 ` 14yz ´ 2xz ` 4xy,
f3 “ 6x
2 ` 16y2 ` 16z2 ´ 8yz ` 6xz ` 6xy,
and
g1 “ 4x
2 ` 34y2 ` 34z2 ` 8yz ` 4xz ` 4xy, g2 “ 10x
2 ` 18y2 ` 24z2.
Define
φ1 : tpx, y, zq P Rpf1, 16m` 34q : 3x` y ` 4z ” 0 pmod 16qu
Ñ tpx, y, zq P Rpf2, 16m` 34q : 3x´ y ` 2z ” 0 pmod 16qu
by
φ1px, y, zq “
ˆ
x´ 5y ´ 68z
16
,
´5x´ 7y ` 20z
16
,
´4x` 4y ´ 16z
16
˙
,
φ2 : tpx, y, zq P Rpf1, 16m` 34q : 3x` y ` 4z ” 8 pmod 16qu
Ñ tpx, y, zq P Rpf2, 16m` 34q : 3x´ y ` 2z ” 8 pmod 16qu
10 MINGYU KIM AND BYEONG-KWEON OH
by
φ2px, y, zq “
ˆ
9x´ 5y ´ 52z
16
,
3x` 9y ` 4z
16
,
4x´ 4y ` 16z
16
˙
,
and
φ3 : Rp10x
2 ` 24y2 ` 72z2, 16m` 34q
Ñ Rpf1, 16m` 34q by φ3px, y, zq “ px´ 2y, x` 2y, zq,
φ4 : Rp18x
2 ` 24y2 ` 40z2, 16m` 34q
Ñ Rpf3, 16m` 34q by φ4px, y, zq “ px` 2y,´x` z,´x´ zq.
(2) pa, b, cq “ p1, 15, 30q. In this case, we let N “ 8n` 46 and
f1 “ 4x
2 ` 4y2 ` 120z2 ` 2xy,
f2 “ 4x
2 ` 16y2 ` 34z2 ` 14yz ´ 2xz ` 4xy,
f3 “ 10x
2 ` 16y2 ` 16z2 ` 8yz ` 10xz ` 10xy,
and
g1 “ 4x
2 ` 46y2 ` 46z2 ` 32yz ` 4xz ` 4xy, g2 “ 6x
2 ` 30y2 ` 40z2.
Define
φ1 : tpx, y, zq P Rpf1, 16m` 46q : 3x´ y ´ 4z ” 0 pmod 16qu
Ñ tpx, y, zq P Rpf2, 16m` 46q : 3x´ y ` 2z ” 8 pmod 16qu
by
φ1px, y, zq “
ˆ
7x´ 13y ´ 4z
16
,
´3x` y ´ 44z
16
,
´4x´ 4y ` 16z
16
˙
,
φ2 : tpx, y, zq P Rpf1, 16m` 46q : 3x´ y ´ 4z ” 8 pmod 16qu
Ñ tpx, y, zq P Rpf2, 16m` 46q : 3x´ y ` 2z ” 0 pmod 16qu
by
φ2px, y, zq “
ˆ
9x´ 11y ` 20z
16
,
3x` 7y ` 28z
16
,
´4x´ 4y ` 16z
16
˙
,
and
φ3 : Rp6x
2 ` 40y2 ` 120z2, 16m` 46q
Ñ Rpf1, 16m` 46q by φ3px, y, zq “ px ` 2y,´x` 2y, zq,
φ4 : Rp24x
2 ` 30y2 ` 40z2, 16m` 46q
Ñ Rpf3, 16m` 46q by φ4px, y, zq “ p´y ´ 2z, x` y,´x` yq.
This completes the proof. 
Theorem 3.8. For any positive integer n such that n ı 1 pmod 3q, we have
(3.8) 2tp1, 1, 27;nq “ rpx2 ` y2 ` 27z2, 4p8n` 29qq ´ rpx2 ` y2 ` 27z2, 8n` 29q.
Proof. Let N “ 8n` 29 and
f “ fpx, y, zq “ x2 ` y2 ` 27z2,
g “ gpx, y, zq “ 8x2 ` 20y2 ` 29z2 ` 4yz ` 8xz ` 8xy,
h “ hpx, y, zq “ 2x2 ` 5y2 ` 27z2 ` 2xy.
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For any positive integer m ı 1 pmod 3q, we let
δm “
#
1 if m ” 0 pmod 3q,
2 if m ” 2 pmod 3q.
Note that
(3.9) rpf,mq “ δm |tpx, y, zq P Rpf,mq : x ” y pmod 3qu| .
Since
rpf, 4Nq “ δN ¨ rpx
2 ` px ´ 3yq2 ` 27z2, 4Nq “ δN ¨ rph, 4Nq
and
|tpx, y, zq P Rpf, 4Nq : y ” 0 pmod 2qu|
“ δN ¨ rpx
2 ` 4px´ 3yq2 ` 27z2, 4Nq “ δN ¨ rp8x
2 ` 5y2 ` 27z2 ` 4xy, 4Nq
“ δN |tpx, y, zq P Rph, 4Nq : x ” 0 pmod 2qu| ,
we have
(3.10) | tpx, y, zq P Rpf, 4Nq : y is oddu | “ δN | tpx, y, zq P Rph, 4Nq : x is oddu |.
One may easily show that if px, y, zq P Rpf, 4Nq, then`
x2, y2, 27z2
˘
” p0, 0, 4q, p0, 1, 3q, p0, 4, 0q, p1, 0, 3q, p4, 0, 0q, p4, 4, 4q pmod 8q.
From this and Equation (3.10), the right hand side of Equation (3.8) becomes
rpf, 4Nq ´ rpf,Nq “ 2δN |tpx, y, zq P Rph, 4Nq : x ” 1 pmod 2qu| .
On the other hand, by Equation (3.9),
tp1, 1, 27;nq “ rp1,1,1qpf,Nq
“ δN |tpx, y, zq P Rpf,Nq : x ” y pmod 3q, x ” y ” z pmod 2qu|
“ δN ¨ rpx
2 ` px´ 6yq2 ` 27px´ 2zq2, Nq “ δN ¨ rpg,Nq.
Therefore, it is enough to show that
rpg,Nq “ |tpx, y, zq P Rph, 4Nq : x ” 1 pmod 2qu| .
Now, we let
A “ tpx, y, zq P Rpg,Nq : x ” 0 pmod 2qu ,
B “ tpx, y, zq P Rph, 4Nq : x ” 1 pmod 2q, x` z ” 0 pmod 8qu .
Note that x` z ” 8 pmod 16q if px, y, zq P B. Define a map φ : AÑ B by
φpx, y, zq “ px´ 7z, ´x´ 4y ` z, ´x´ zq .
Then, one may easily show that φ is a bijection. Since gpx ` z, y,´zq “ gpx, y, zq
and z0 is odd for any px0, y0, z0q P Rpg,Nq, we have
|tpx, y, zq P Rpg,Nq : x ” 0 pmod 2qu| “ |tpx, y, zq P Rpg,Nq : x ” 1 pmod 2qu|
and thus
rpg,Nq “ 2 |tpx, y, zq P Rpg,Nq : x ” 0 pmod 2qu| .
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Now, we are ready to prove the assertion. Note that if px, y, zq P Rph, 4Nq and
x ” 1 pmod 2q, then z ” ˘x pmod 8q. Therefore, we have
|tpx, y, zq P Rph, 4Nq : x ” 1 pmod 2qu|
“ 2 |tpx, y, zq P Rph, 4Nq : x ” 1 pmod 2q, x` z ” 0 pmod 8qu|
“ 2|B| “ 2|A| “ rpg,Nq.
This completes the proof. 
Finally, we prove the Conjecture 6.7 in [6].
Theorem 3.9. For a positive integer n, the Diophantine equation
Tp1,1,6qpx, y, zq “
xpx ´ 1q
2
`
ypy ´ 1q
2
` 6
zpz ´ 1q
2
“ n
has an integer solution if and only if n ı 2 ¨ 32r´1 ´ 1 pmod 32rq for any positive
integer r.
Proof. Note that Tp1,1,6qpx, y, zq “ n has an integer solution if and only if fpx, y, zq “
x2`y2`6z2 “ 8n`8 has an integer solution x, y, z such that xyz ” 1 pmod 2q. Since
the ternary quadratic form fpx, y, zq has class number one, it represents every inte-
ger that is locally represented (see 102.5 of [4]). Therefore, one may easily check that
fpx, y, zq “ 8n` 8 has an integer solution if and only if n ı 2 ¨ 32r´1´ 1 pmod 32rq
for any positive integer r.
Now, assume that n is a positive integer such that n ı 2 ¨32r´1´1 pmod 32rq for
any positive integer r. Note that fpx, y, zq “ 8n` 8 has an integer solution x, y, z
such that xyz ” 1 pmod 2q if and only if rpf, 8n ` 8q ´ rpf, 2n ` 2q ą 0. By the
Minkowski-Siegel formula, we have
rpf, 8n` 8q
rpf, 2n` 2q
“ 2
α2pf, 8n` 8q
α2pf, 2n` 2q
,
where α2 is the local density over Z2 (for details, see, for example, [3]). For a
positive integer s and a positive odd integer t, one may easily compute by using
the result of [7] that
α2pf, 2
stq “
$’’’&’’’%
2´ 3 ¨ 2´s{2 if s ” 0 pmod 2q,
2´ 2p1´sq{2 if s ” 1 pmod 2q, t ” 1 pmod 8q,
2 if s ” 1 pmod 2q, t ” 5 pmod 8q,
2´ 3 ¨ 2p´s´1q{2 if s ” 1 pmod 2q, t ” 3 or 7 pmod 8q.
Therefore, we have 2α2pf, 8n` 8q ą α2pf, 2n` 2q for any positive integer n. This
completes the proof. 
References
[1] C. Adiga, S. Cooper and J. H. Han, A general relation between sums of squares and sums
of triangular numbers, Int. J. Number Theory 1(2005), 175-182.
[2] N. D. Baruah, S. Cooper and M. Hirschhorn, Sums of squares and sums of triangular
numbers induced by partitions of 8, Int. J. Number Theory 4(2008) 525-538.
REPRESENTATIONS BY A TERNARY SUM OF TRIANGULAR NUMBERS 13
[3] Y. Kitaoka, Arithmetic of quadratic forms, Cambridge University Press, 1993.
[4] O. T. O’Meara, Introduction to quadratic forms, Springer-Verlag, 1973.
[5] Z. H. Sun, Some relations between tpa, b, c, d;nq and Npa, b, c, d;nq, Acta Arith. 175(2016),
269-289.
[6] Z. H. Sun, Ramanujan’s theta functions and sums of triangular numbers, preprint.
[7] T. Yang, An explicit formula for local densities of quadratic forms, J. Number Theory
72(1998), 309-356.
[8] X. M. Yao, The relation between Npa, b, c, d;nq and tpa, b, c, d;nq and pp, kq-parametrization
of theta functions, J. Math. Anal. Appl. 453(2017), 125-143.
Department of Mathematical Sciences, Seoul National University, Seoul 151-747,
Korea
E-mail address: kmg2562@snu.ac.kr
Department of Mathematical Sciences and Research Institute of Mathematics, Seoul
National University, Seoul 151-747, Korea
E-mail address: bkoh@snu.ac.kr
